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hadron—hadron or electron—positron scattering experiments. © 1992
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1. INTRODUCTION

The calculation of cross sections for scattering processes
is a basic tool in the analysis of data and backgrounds at
both hadron-hadron and electron—positron colliders. The
most widely used approach is that of Monte Carlo integra-
tion: one generates a set of momenta with a Lorentz-
invariant phase space distribution, rejects those sets that
fail a set of cuts designed to mimic the experimental
cuts (for example, a minimum transverse energy cut in
hadron-hadron collisions), and evaluates the relevant
matrix element on the remainder, thereby obtaining a
numerical estimate of the desired cross section.

The purpose of the present work is to present another
algorithm for generating a Lorentz-invariant phase space
distribution. It is useful to distinguish two steps in such a
process: one typically generates a set of points in a hyper-
cube, x e [0, 179", and then maps the hypercube to phase
space (d(n) depends on both the number of final-state par-
ticles and on the mapping). To calculate a cross section, one
integrates over the hypercube a matrix element, multiplied
by a weight factor (which in general depends on x). In the
simplest approach, one simply generates a set of pseudo-
random points distributed uniformly in the hypercube; but
more sophisticated adaptive approaches, such as the Vegas
algorithm [1], are also available. I assume the use of
such an adaptive algorithm and use the term “phase space
generator” to refer to the mapping from the hypercube to
phase space, along with a formula for the weight factor.
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Most of the traditional literature on the subject [2, 3]
concerns itself with the general problem of generating phase
space distributions for particles with arbitrary masses. In
the context of present-day (and planned) colliders, however,
most of the “final-state” particles (quarks and leptons) are
massless or nearly so, compared to the typical momentum
transfers in processes of interest. This was emphasized by
Kleiss, Stirling, and Ellis [4], who presented a phase
generator, Rambo, intended for this regime.

The Rambo generator first generates an isotropic set of
massless four-momenta rnor satisfying energy-momentum
conservation. Afterwards, it applies a Lorentz transforma-
tion to obtain a momentum-conserving, and then a confor-
mal transformation to obtain an energy and momentum-
conserving, set of massless four-momenta. (For phase space
with massive particles, another scaling of the momenta and
recalculation of the energies yields a valid configuration.) In
this way, the 3n — 4 independent variables describing a final
state with # massless particles are smeared smoothly over 3n
variables (which are in turn mapped into a uniform dis-
tribution over 4n variables). This generator is both elegant
and simple to program, which makes it an extremely useful
check on more complicated generators such as the one I
present below.

Unlike traditional generators, the Rambo generator has a
weight factor which (for the purely massless case) is inde-
pendent of the point in phase space; it contributes a factor
dependent only on the total center-of-mass energy in the
process. Thus in a certain formal sense. it has “maximal
efficiency”: a uniform weight over the integration region will
yield the minimum error (for a given amount of computa-
tional work) in a Monte Carlo integration procedure.
Indeed, if we were simply. interested in calculating the
volume of phase space, this generator would be unsur-
passable in efficiency. Practical applications differ in two
respects: we wish to integrate a scattering matrix element;
and we wish to perform the integration over that part of
phase space that survives certain angle and energy cuts. For
such practical applications, the efficiency of the Rambo
generator is not maximal, and one can improve upon it.
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2. MONTE CARLO INTEGRATION

We are interested in calculating a cross section for the
production of # final-state particles,

o =| dLIPS,(P; {p,, m,}) FS

phasespace
withcuts

X |y 42 P; { pis mi}), (21)
where .7, | , is the scattering amplitude, F is the flux factor
for the incoming particles, S the symmetry factors for the
final state, P is the sum of the four-momenta of the incoming
particles (with the convention that E ., > 0), and where
LIPS is the Lorentz-invariant phase space measure for n
particles with four-momenta p, and masses m;:
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I have suppressed any additional integrations that may arise
(such as the integration over parton distributions in the case
of hadron—hadron collisions). We are particularly interested
in the light (or massless) particle case, where E; ~ |p,| for
momenta surviving the cuts. A phase space generator
provides us with a mapping from the hypercube to Lorentz-
invariant phase space, p;= G;(x), and the Jacobian of the
transformation, W(x). The cross section of interest is then

om=|  dx0.,({G,(x)}) W(x)FS

[o,134

X |y s o(P; {Gi(x), m )2

EJ dx M (x), (2.3)
ro, 1]d(n)
where
1 if the set p, passes the cuts;
= ! 24
Oe{Pi}) {0 otherwise. (24)

If we choose Ny points in our Monte Carlo sample, with
probability density 2(x), the estimate of the cross section is
given by [1]

__ L ¢Ax)
=y L o0

(2.5)

and the fractional error estimate is given (for large Nyc) by

1
E=—" \/@MC_ (0mc))/ (Nyc — 1),

Omc

(2.6)

where

(2.7)

| M(x)\?
fme NMC%(W(X)> '
In the simplest implementation, the probability distribu-
tion would be uniform (#(x)=1); more sophisticated
approaches, such as the Vegas algorithm, attempt to choose
the probability distribution so as to minimize the error.

In performing the calculations, we wish to minimize the
amount of work required to obtain a specified accuracy in
our calculations; or equivalently, to maximize the accuracy
obtained for a given amount of work. In numerical calcula-
tions, this translates into the ideal of minimizing the amount
of computer time required to obtain an answer to a specified
degree of accuracy. In Monte Carlo calculations, the com-
puter time is proportional to the number of points taken;
and the error (in the limit of a large number of points)
decreases in proportion to the square root of the number of
points. The most hard-nosed measure of efficiency is thus a
quantity like 1/(computer time x (relative error)?), which I
shall term the practical efficiency. In the limit of a large
number of Monte Carlo points, the practical efficiency
approaches a constant for any given calculation.

However, this constant depends on the details of the
hardware and software system. It is therefore perhaps
preferrable to think about the ordinary efficiency, which I
define

1

e=—-,
Nyce

(2.8)

where Ny is the number of Monte Carlo points used, and
¢ is the fractional error in the answer (as estimated, for
example by Vegas). In addition, it will be helpful to define
a hit rate h, the fraction of points thrown down by Vegas
that survive the quasi-experimental cuts.

A hit rate close to unity is desirable; in that case, the
phase space generator spends most of its time generating
useful points, rather than points to be discarded. One might
assume that the amount of time spent generating phase
space configurations is in any event negligible compared to
the amount of time spent evaluating the matrix element for
a scattering process. This assumption is incorrect for two
reasons: first, for some background processes, such as
multijet production, there are numerically reasonable
approximations [5], which are also reasonably efficient
computationally; second, the volume of phase space which
survives the cuts typically decreases factorially with an
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increasing number of final-state particles,’ whereas the
approximations to scattering matrix elements can often be
cast in forms where the amount of computational work
increases only polynomially [6]. In such a case, if the hit
rate is proportional to the fractional volume of phase space
that survives the cuts, then the computation time for a large
number of final-state particles is dominated by the phase
space generator, even if it is much faster to generate a single
configuration than to evaluate a scattering matrix element.

Vegas will attempt to increase the hit rate by performing
changes of variables numerically, and thereby adjusting the
distribution #(x), but it will be able to do so only in cases
where the cuts are approximately parallel to the axes of
the hypercube. Rambo, however, effectively smears the

Lorentz-invariant phase space over the hypercube in such a

way that the cuts depend non-trivially on all the variables.
Vegas is then unable to improve the hit rate much by re-
mapping the coordinates of its hypercube; indeed, when
driving Rambo from Vegas, one typically sees a hit rate
comparable to the fractional volume of phase space that
survives the cuts.

The above considerations are in some ways a special case?
of the general observation [1] that in an importance-
sampled Monte Carlo integration, one obtains an optimal
choice for the distribution of points by taking

Py A

_——deL/%(X)I. 2.9)

Vegas attempts to make this choice by changing variables
numerically. If we can find a phase space mapping that
allows Vegas to choose the probability distribution more
effectively, we will improve our efficiency.

Even if we can do this, however, adaptive algorithms
often have trouble handling singular or sharply-peaked
behavior in the integrand. If possible, it is preferrable to
absorb singularities (or even cut-off singularities) into the
probability distribution analytically. In the case of interest,
scattering amplitudes for massless particles typically exhibit
two sorts of singularities. The matrix element will diverge as
the any outgoing particle becomes soft; and as any two out-
going particles become collinear. As we shall see, one can
absorb the former singularity into the probability distribu-
tion, thereby smoothing out the integrand and improving
the efficiency of our integration.

A generator which increases the hit rate over that

! This is typical of the dimension depndence of the ratio of volumes of a
regular solid embedded in another of different shape.

2 The considerations are not precisely the same, because the computer
time for evaluating configurations which do or do not survive the cuts is
different.

obtainable with Rambo, and absorbs some of the
singularities of the matrix element, is given in the next few
sections. I call it Octopus.

3. MASSLESS PHASE SPACE WITH CUTS

Let us begin by focussing attention on the case of a phase
space generator for massless particles; we shall consider the
more general case of light particles in Section 4. What are
the sorts of simulated experimental cuts one may wish to
apply? In electron—positron colliders, the lab frame and
center-of-mass frame are the same, and so the appropriate
cuts are minimum energy cuts E_;, (to eliminate soft junk),
minimum angle cuts 8,;, between outgoing particles, and a
minimum angle cut 8,.,.,, with respect to the beam direction
(to exclude debris travelling down the beam pipe). In
hadron—hadron colliders, collisions involve partons of
varying energies, and so the center-of-mass frames of
different collisions are smeared along the beam direction; in
this case, a transverse energy cut Er.;. is appropriate. (The
transverse energy is defined as the projection of the energy
onto the plane transverse to the beam; for a massless
particle, it is the same as the transverse momentum.)
In addition, experimenters impose cuts on the pseudo-
rapidities of jets and on the cone angle 4R between jets. We
shall mimic these in the conventional manner with limits on
the maximum pseudo-rapidities, # = —In(tan 6/2) (which
for massless particles is the same as the rapidity
y=In[(E+p,)/(E—p,)]/2), of the outgoing partons, and
with limits on the minimum AR,

AR=/(4n)*+ (4¢) (3.1)
between outgoing partons (I assume below that
AR, <m/2). Of course, these sorts of cuts are also
necessary in a theoretical calculation in order to cut off the
infrared divergences of scattering amplitudes.

To simplify the presentation, I consider only cuts that
treat all particles symmetrically; this is in fact true of the
cuts imposed in one physically important situation, the
calculation of multijet cross sections. It is, however, possible
to generalize the equations presented below to different cuts
for different outgoing particles, so long as the cuts are of the
same general types given above. When using the Rambo
algorithm, the cuts are applied afterward to each momen-
tum set generated. The event is rejected if the set fails the
cuts. I assumed a similar check is applied to the output of
the generator described below, so that we may (if desired)
apply a weaker set of constraints within the generator. That
will not cause us to generate sets of momenta that fail the
desired cuts, but will only reduce the efficiency. Thus we
need not solve the constraints implied by the cuts exactly,
but only approximately.
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One can write an iterative formula for the phase space

measure [2],
dLIPSn(Ptot; {pi};’=1)
d3P1

=————dLIPS —p{ip
(271')3 2E1 nfl(Ptol pla {P1}1=2)

(3.2)

which I shall use as the basis for the algorithm.
For massless particles, Eq. (3.2) becomes
dLIPSn(Plot 5 {pt} 7: 1)

1
T 2(2m)?

X dLIPSn—l(Ptot——pl; {pi}?=2)7

E,dE, dp, dcos 0,
(3.3)

where it will be convenient to take 8, and ¢, as the polar and
azimuthal angle, respectively, of the ith particle with respect
to the beam axis. I utilize a hypercube of dimension
d(n)=3n—4 (in contrast to the Rambo’s d(n) =4n), with
the following correspondences for the first » — 2 momenta,

X3i_ o E;
X3i-1 0, (34)
X3 @,

with each x e (0, 1).

What are the integration limits on these variables? Let us
assume that we have generated momenta for particles
1,..,(i—1) and define the remaining four-momentum,
P=P, —Y_{ p;, We must ensure that, after generating a
momentum for the first remaining particle, we will be able
to satisfy the energy-momentum conservation constraint for
the other remaining particles. Now, the sum of any number
of four-momenta with positive energies is a positive-mass
four-momentum, so we must require that

(P—p;)*=0. (3.5)

This constraint is also clearly sufficient to satisfy energy-

momentum conservation, since one can always write a

positive mass squared four-momentum in terms of two

massless four-momenta (setting the rest to 0). Thus

2E;(P°—|P| cos 8,5) < (P°)*— |PI?, (3.6)

where 0., is the angle between p, and P, so that defining the
dimensionless quantities

e;=E,/P°
v=|P|/P°
€Tmin = ETmin/PO

— 0
€min = Emin/P »

(3.7)

we have the constraints
1+v
&< ——
2e;+v°—1
e:v

{

(3.8)
cos 0,p = =L;p.

(The kinematic limit on e, ensures that L,, < 1.) As detailed
in Appendix I, the latter constraint implies the following
constraints on cos 6, and ¢,

cosB,efc™,c™]

(3.9)
gl 671
where
¢ =-1
ct=1 [ o< 1
¢ =¢p—m ’ =
¢+ =¢P+7I
e = _13 Lipg-COSBP\
L5, otherwise
1 L;p<cosf
t=7 ' P Lpy>—1 3.10
¢ {L;} ,  otherwise > ’ ’ (3.10)
¢_ :¢P“L¢
¢" =¢P+L¢ J
and where 6, is the polar angle of P, and
Liz=Lypcos fp+./(1—L3)1—cos? 0,)
(3.11)

L¢=acos< L;,—cos 0;cos 0, >

V(1 —cos?0,)(1 —cos? 0,,)

For the electron—positron case we also have the constraints
€; = enin and |cos 0,] < cos Oy,,,- We must in addition leave
sufficient energy for the minimums of the remaining
particles, and thus

1
e,< min (% 1—(n—i) emin>. (3.12)

In the hadron-hadron case, we can translate the
constraint |4;| < ., I0to a constraint
|cos 6, < cos Bieam (3.13)

by defining cos 8,.,, = tanh #,,,.. Every particle must have

an energy greater than or equal to the minimum transverse
energy, so we have the upper bound

1
eigmin ($, 1_(n_i)eTmin>Eemax' (314)
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The transverse energy constraint e,sin 8,z e, itself
imposes the additional constraint on cos §,,

ICOS 01' < vV 1- (eTmin/ei)2

(given that e, = e, Of course). To ensure that this has a
non-trivial overlap with the interval [¢—,c¢*] given in
Eq. (3.10), we must demand that

ST exmmfe)>c™
—T=(erpmfe)’ <c™.

Although it is in principle possible to impose these con-
straints exactly, the non-trivial cases turn out to involve
the solutions to a quartic equation. As discussed in
Appendix 11, it is therefore preferrable to impose a slightly
weaker set of constraints,

(3.15)

(3.16)

€;Z €Tmin
>L if N el (3.17)
€2 Lgr, €Tmin 2(1—vsin 0p) .
and 4aer .+ B*(1—v?) cos? 0, =0,
where
a=sin? 0p — (1 —v*) cos? Op
B=./1—v*cos@p—vsinf, (3.18)

1 u(Bsin 0, +./dae2 ;. + B*(1—v?)cos® )
Lpgr=2+ .

2 20

(The prerequisites on er.;, are nearly always true in
practice for those situations where the second constraint is
more severe than the first.)

We also want to ensure that the choice of energy for p,
still allows us to satisfy the transverse energy constraint for
the following n—i momenta. That constraint, combined
with the requirement of energy-momentum conservation,
implies that there is a maximum Jongitudinal momentum
that the following momenta can have; and thus, we must
not allow the present p, to increase the existing longitudinal
momentum too much. That is, we must demand

max Z |ij| =P, —pul

(3.19)
j=i+1
With
w=1- Uz COS2 61’ - (n - l)2 e'%“min + e'zrmin
2 1— 2 2 0
x= l _ eTmm( 02 COs P) (320)

w

)
li —
PET2(1 — v cos?® ) (14 fcos O \/;)’

this constraint, as shown in Appendix III, translates into the
requirement that

e; <L}, x>0
e (3.21)
e, <w/2, 1 <0,
so long as
€3 min T 02 cO8% 0p > €2
! F (3.22)
Lz, <max(w/2, exmin, Ler) or x<0.

These prerequisites on er,,;, are again nearly always true in
practice. (One would omit the constraints of Eq. (3.21) if
they were not.)

Given ¢;, we also obtain an addition constraint on cos 6,

cos e,.e[”""s OP—J(I—ei)2—(n—i)2e%min’
e:

H

v COS 6P+\/(1 "—ei)z_(n—i)z e"zfmin
4

}. (3.23)

i

Equations (3.14), (3.17), and (3.21) together give upper
and lower limits ¢, and e, on the energy fraction of the par-
ticle. To generate an energy from the corresponding x, we
could set

E;=P°(x3;_o(e, —e) +e) (3.24)

with an associated jacobian e, — ¢;,. However, as noted in
the previous section, massless-particle amplitudes have soft
singularities of the form .#(x) ~ 1/E?, while the measure in
Eq. (3.3) only has one power of the energy. In order to
absorb the remaining singularity (and thereby introduce
another power of the energy into the measure), we instead
should set

E;= P’ exp[In(e,/e;) x3;_,]; (3.25)
the associated jacobian is then
JE=E;In(e,/e). (3.26)

For some purposes (for example, computing the correlation
between different amplitudes), one may desire an even
larger explicit power of E in the measure. To obtain a net
power of E¢*?, we should set

€y

=P0€1 .
(el —(el—ef) x3;_5)"

E

(3.27)

i
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The associated jacobian in that case would be

JE_EHIM (3.28)
T gelel(P)” '

Given the value of e;, Egs. (3.10), (3.13), (3.15), and
(3.23) together give upper and lower bounds ¢, and ¢, on
cos 6;. We can then set

coS 9,~=(Cu—cl) X3I»;1+Cl. (3.29)
The associated jacobian is
J=(c,— )2 (3.30)

Before turning to the question of satisfying the interpar-

ton angle constraints themselves, we may note that the very

existence of such constraints forces the minimum invariant
mass of a pair of final-state particles to be greater than some
minimum,

(p;i+ Pj)2 P 2E%‘min(1 —cos AR, ) = m?

naire (3.31)
(This formula holds for the case of hadron—hadron
scattering; there is, of course, a similar one for the electron—
positron case.) This allows us to replace Eq. (3.5) with a
stronger constraint,

(P - pi)2 > Npairsmlzgair

(n—i)n—i—1)

=fmfmr. (3.32)
With g2 = Npusm2,, /(P°)’, the maximum energy
fraction is then reduced a bit,

2

I1+v g,
S — —BRE 3.33
ST T (1= (333)

and the relative cosine limit becomes a bit tighter for the
given energy fraction,

2e;+vP— 1+,
cos 0,p = Hpa ==Lp.
2e;v

(3.34)

Equation (3.10) continues to hold, with L,,— L.
However, since this modification makes the cosine con-
straint stronger, we can continue to use the (weaker)
constraints following from Eq.(3.16); they will not
(improperly) eliminate any configurations which would
survive the cuts.

Let us now examine the question of satisfying the cone
angle constraints, AR, > 4AR,,;,. (Although I shall not dis-

cuss it in detail, the method of satisfying the angular separa-
tion constraints in an electron—positron environment is
similar in many ways.) It is convenient to do this by
ignoring any potential constraints on 6, and imposing con-
straints only on ¢,. This will result in a less-than-maximal
hit rate, but in a hadron—hadron environment this choice is
acceptable, since with the usual definition of 4R the cones
are wider in the azimuthal angle than in the polar one. We
wish to exclude all angles ¢, for which 4R; < AR, for any
Jj < i. The remaining angles, in general, form a disjoint set of
intervals. How should we attack this problem?

The method I describe is, of course, not the only possible
one, but it is convenient. The idea is to subdivide the circle
[0, 27] into some number of wedges and to iterate a
marking process over all j < i. For any given j, one marks as
excluded all wedges which lie entirely within AR, of the
Jjth particle. One then generates an angle uniformly within
the unmarked wedges; the associated weight factor is simply
the number of unmarked wedges divided by the total num-
ber of wedges.

In practice, we might as well subdivide the interval
(¢, ¢* ] rather than the whole circle into, say, B bins,
numbered 0, ..., B— 1. (It is most convenient to choose B to
be a multiple of the number of bits in a computer word and
to let each flag for a wedge be represented by a single bit.
For practical purposes, B=96 and B=128 are good
choices.) Shifting all angles by ¢, simplifies matters some-
what; define

Fij= ARzmin —(n:— 71]')2
(Pji = (¢j_¢P + ri,j) mod 2r

b= [(%_ +L¢)B—‘
" 2L,

e LB |
" 2L, ’

(3.35)

where “mod 27 means shifting into the interval ( — =, =] by
adding or subtracting an appropriate multiple of 2. (The
increment of —1 in the b, is intended to ensure that the
entire bin falls within the excluded region.) Note that the
assumed limit on AR, implies that r, , < n%/4.

All bins are initiall marked as allowed. We must iterate
the following steps for each j < i for which r, ;> 0:

mark bins b, --- b, as excluded

mark bins b,--- B—1

ifo; < (pj.*;
ifp- >0/, (3.36)

and bins 0 - - - b, as excluded.
(It should be understood that “marking” a bin with a num-

ber less than zero or greater than B —1 has no effect, and
that the sequence a, - - - a, is empty if a, > a,. The inequality
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on the ¢, rather than the more obvious one on the b, ,,,
ensures that we do not exclude a bin if the entire excluded
region falls within the bin.) This will leave us with a set of
B, allowed bins, which we label b, .., b,. (If none of the
bins are allowed, reject the configuration.) The angle ¢, is
then given by

kgb = I..Ba'xBi_]
b,=b
T (3.37)
5¢ = Bax3i - k¢
by,+ 9o
¢i=¢P_L¢+2L¢ ? .
B
The jacobian associated with the generation of ¢, is
L,B
$_ "¢ "a
J? _— (3.38)

The astute reader will note that this part of the algorithm
has a running time which scales quadratically with the num-
ber of outgoing particles, rather than linearly as do the
remaining pieces. This may seem bad in contrast to Rambo,
whose running time scales linearly with the number of par-
ticles, but in fact this difference is somewhat of an illusion,
because the running time to check whether an event passes
the cuts also scales quadratically with the number of par-
ticles.

Thus far the discussion has concerned the first # — 2 final-
state four-momenta. For the last two, we must do things a bit
differently, because we have only two independent variables
in total, rather than three per particle. The phase space
measure for these two particles is

dE
le¢n—l =ez
v

dcos b, _
4 1d¢n—1'

10— ) (3.39)
I shall choose as the independent variables the cosine of the
polar angle of the (n—1)th particle, and the azimuthal
angle of this particle, both with respect to the sum of the
(n—1)th and nth momenta. This azimuthal angle is then
unaffected by energy-momentum conservation constraints
and is constrained only by the additional sorts of con-
straints considered above.
Thus I define a new coordinate system, with

él :?
. ixP . . -
é,= ixP] = —sinppX+cos g, ¥ (3.40)

(424

;=& x&,=(Z—cos 0,P)/sin 0.

(At this point, P= P, —Z]'.’;f p;.) For the two last par-

ticles, we take 6,_, and 6, to be the polar angles with
respect to the &, axis, and ¢,_,, ¢, to be the azimuthal
angles in the é,-&; plane (with ¢ =0 in the &, direction). It
will be convenient to define a unit vector in the direction (or
opposite to the direction) of the projection of &; into the
original x—y plane,

é,=sin 6,&, —cos 0, &,. (3.41)

The minimum energy constraints immediately imply the
range fore, |,

, 1—v
€,_1€| €g=max eTmin:_z )

1
e, =min <1 — €T min» %)} (342)

for hadron—hadron scattering, with analogous limits in the
electron—positron case.

We can solve for the cosines of the angles in terms of the
energy fractions of the particles:

2 2 2
2 R e

cosf,_,= % b
n—1

—U2+2en_1_1
B n—1V

(343)

_02—2€n_1+1

2(1—e,_1)v

and thereby arrive at limits for cos 8, ,,

) < vz+2el’—1>
ci=max|{ —1, ———

2elv
(3.44)

, . ( vz+2e;—1>
cp=min| 1, ———— .

I3
2e,v
To generate cos 0, _,, we set

cos B, _=(ch,—ci) X3, s+ (3.45)

with the corresponding jacobian,

2

2e
] _ ’ ’ n—1
Jn~1_(cu_cl) 1_029

(3.46)

where we have put the factors from the measure into the
jacobian for convenience. (See the comments on numerical
stability at the end of the following section for an alternate
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version of this equation in certain corners of phase space.)
The two energy fractions and the other cosine are then

B 1—22
=17 2(1—vcosh, )
. 1-2vcosf,_ +v*
"7 2(l—vcos0, )
cos 20— (1+v*)cosb,_,
" 1-—2vcosf, ;+v?’

e

l—e,_, (347)

The transverse energy fractions of the particles are

€3n_1=Pn_1 &) +(Pn_, &,

=e?_ [sin’0,_,cos’ §,_,
+(cosB,_,sin b,
—sinf,_,sing,_, cos 6,)*]

—e2_[sin20,_, +(cos?0,
—sin?0,_,sin*$,_,)sin’ Op
—2cosf, ;sinf,_,sinfpcosfpsing,_,].

(3.48)

The transverse energy constraint then is

sin’f,_, sin? @, sin’ ¢, _,

+2cosf,_,sinf,_,sinf,cosb,sing,_,

—sin?6,_,—cos?6,_,sin’ 0,
eZ ) 2
+ (—Tm—> <0 (3.49)
€n_1
or
sing, _€ls, 1,5, 11 (3.50)
where
Siiz—cosBPco.sOi-l_-j/l—e?rmm/e,?. (3.51)
sin fp sin 9,
Now, sin ¢, = —sin ¢, _,, so we obtain another restriction,
sing,_,el[—sS, —s,; 1 (3.52)
Combining the two and defining
si=max(—1, —sf,s._))
: ( ' (3.53)

sy=min(l, s |, —s7),

we obtain

Sill ¢n~1e [max(—l, —S+, Sn_—l): min(L S:—la —Sn—)]

n

(3.54)
It will be helpful to define
A1 = aSin S]
] (3.55)
A,=asins,.

For the AR constraints involving the final two particles, one
could in principle proceed along the same lines as above;
but in this case, the rapidity and azimuthal angle (in the lab
frame) of the particles are non-polynomial functions of
sing,_;, and thus implementing that constraint would
require solving many equations numerically, which is likely
to be rather expensive. Instead, it is easier to implement the
somewhat weaker constraint excluding not the full circle,
but only the circumscribed square |4dn|<AR /\/5,
[Ad| < AR pin /\/5. The remaining cuts will then be applied
after phase space generation, as usual. Denote by 8- | and
¢L_| the polar and azimuthal angles of the (n—1)th
particle in the lab coordinate system (X, §, Z). Then

cos 0L =cos B, _ cos

+sinf, ,sinf,sing,_,

sin 8% sin g% =cosB,_, sin O, sin ¢,
+sinf,_,cos ¢,_; cos ¢p

—sinf,_,sin¢,_, cos 8, sin ¢,

. L .
sin @, cos ¢, ,=cosf,_,sin0,cos ¢,
—sinf, ,cos¢, _,sin ¢,

—sinf,_,sing,_, cos 0p cos ¢p.
(3.56)

Equation (3.54) specifies two regions in ¢,_,, where
sin ¢, _, satisfies the given constraint and where cos ¢, _, is
either positive (R, ) or negative (R_). Divide these regions
into bins. For each i <n — 1, we may form an allowed set in
#,._ 1, consisting of those bins which satisfy one of the equa-
tions

atanh cos 0%_ >n,+ ARmin/\/E
atanh cos 0%_, <n,— ARmin/\/E

ﬁ;l _¢1'>Alzmin/\/5
rlz‘—l _¢i< _Ajamiﬂ/\/5

(3.57)
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as well as one of the corresponding equations with
n—1— n. As shown in Appendix IV, these equations trans-
late into the equations

5
U [475 5 452, 1, cos¢>0

$n_16475! (3.58)
U [r—42® ,,n—A2" ], cosg<0

while the corresponding set for n — 1 — n gives a similar pair
with 4715} — A7 2} The definitions of the 47} (which
here are all shlfted to lie in the 1nterval [— 7:/2 3n/2]),
along with those of the booleans 4"/ ; and ¥/  used below,
are given in Appendix IV. The mtersectlon of the allowed
sets for all i then gives the allowed region, within which we
generate ¢, _, uniformly. The associated jacobian is again
the number of allowed bins divided by the total number of
bins. Thus, if we split each of the two regions for ¢, _, into
B intervals and define

piilule (Ajf"n{liul?n},i_Al)B‘
{n—1L,n},i Au—Al
(3.59)
phbut— (n—A4 ]L{u i n}i A4)B
{(n—1,n},i Au Al .

(Note the interchange of u«—1 in going from the As
to the b7s.) We start with all bins marked “allowed”

= {all bins}) and iterate the following steps for all
i<n—1 for which all the inequalities are non-trivial
(Aj=y Ny ="true”):

S, =

=L(Ba+ +B. ) X3,_4]
Or=(B + B ) X3,_4a—k;
by=bg,
b, +6 k,<B* 3.61
Boy= A+ (A, — ) Lo <P (61

bfz b’;—B;

=B .
$p1=n—A~ (A _A)bf+5f ’ kf Ba

The jacobian associated with this angle is

A,—A,B} +B;

Jﬁ—lz -
n 2B

(3.62)

To obtain the overall weight factor, we must combine the
jacobians of Eq. (3.26), (3.30), (3.38), (3.46), and (3.62) with
the factors in the measure, Eq. (3.3), and the phase space

" weight for the final two particles; this yields a weight W,

n(2n)>

n—2
S In A TL ETFILIE. (3.63)

i=1

W:

4. LIGHT PARTICLE PHASE SPACE

In this section, I generalize the constraints developed in
the previous section to handle light but not massless par-
ticles. By “light” particle I mean a particle whose mass is
smaller than the corresponding minimum energy or mini-
mum transverse energy constraint. (Although some of the
considerations in this section in principle apply to heavier
particles as well, in practice it is not appropriate to apply
cuts to these partlcles since one is often 1nterested in them

dee b - 1 "1 4 1 1. i1

z_@ﬁ ror—
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but in practice it is more efficient to use a slightly weaker

constraint, with
2 n
(5, )
j=i+1

mi=( ¥

J=i+1

mj> mpair/\/E My < Mpair//2
n_(n.—1
pr=lte=le (43)

where n _ is the number of particles after the current particle
with masses less than m,;, /\/5.
Define the dimensionless quantities

J[Pz—(M +m)*1[P*— (M,—m,)*]

P2
PP—M?+m?
L
m;
ﬂi=ﬁ (44)
p;|

e; —%—a/kf+uf;
Eq. (4.2) then leads to a maximum value for the energy

i+ 4
e <10 (45)
2
(the corresponding limit on the norm of the momentum is
(4;+y,v)/2) and then a constraint on cos 8,

(* — 1) i+ 2e

cos 0,p > T
i

=Lm. (4.6)

The form of the constraints on 8, and ¢, is then very similar
to the one in the previous section; indeed, we need modify
Eqgs. (3.10) only by replacing L;» with L. So long as y,< 1
(which is usually true in practical applications), then
L% >2L,,, and we can again retain the constraint of
Eq. (3.17), as it will be weaker than (but still a reasonable
approximation to) the corresponding constraint that would
emerge from L7,. (In the event that L7, < L,,, one would
retain only the constraint e; = e1p,.)

We may replace the longitudinal momentum constraint
of Eq.(3.19) with a slightly weaker constraint on the
longitudinal energy,

n
max Y |E,

J=i+1

[Z|PL+ pirl. (4.7)

As shown in Appendix I1I, this leaves the additional bounds
(3.21) in place.

The mass will, of course, cut off the soft divergences of the
matrix elements, but if the mass is much smaller than the
minimum energy cutoff, then the matrix element will be
sharply peaked near the minimum energy, and it is still help-
ful to generate an extra factor of either the energy or the
norm of the momentum to smooth out the integrand. The
measure has the form

|2 dp,

\/ﬁ_——— const x |p,| dE
P: ;

I leave a factor of |p,| E; explicit and generate the remainder
through the mapping. For this purpose, one may again use
Eq. (3.25); the jacobian (3.26) also carries over without
change.

The various additional restrictions on cos 8, from
Egs. (3.13), (3.15), and (3.23) carry over without change, as
do the generation of the polar angle, Egs. (3.29)-(3.30), and
the method of satisfying the AR constraint for the azimuthal
angles, Eqgs. (3.35)-(3.38).

For the final two particles, the measure in the light
particle case is now (see Ref. [2])

const x |p, (4.8)

+
—dcos()n_ldq},,_lz (ko) O

, (49)

kX —ver  cosf,_
where
p=l=v+u; —pur=(1-v"y,
Lt vpcos0,,,1i\/p2—4uﬁ71(1-vzcos20n,1)
nott 2(1—v?cos?6,_,)
(4.10)
Both solutions will constribute only in the case k‘ >0;

this can arise only if p <2pu,,_,.
With M, _, =m,, we have the kinematic limits on ¢, ,,

mr Vne1 = An_ 10
el =max eTmin, — 2

4.11)
m . < 'yn1+j‘n—lv>
€, =min 1-— €Tmin>
2
which lead to corresponding limits on cos 8, ;. (One

should check explicitly that e} <7, and the event should
be rejected if this is not the case.) In addition, if p <2pu,_,,
there is an additional constraint on the cosine, since the par-
ticle can no longer travel in the direction opposite to P. We
should distinguish three cases, where the constraints are
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satisfied by (a) k.7, alone, (b) k,_, alone, and (c) both
k,_,and k,_,. These three cases arise as follows,

k., alone, p=u,_ore zep
k., alone, en' <ep .. (4.12)
bothk ,andk, |, otherwise,
where
2 2
L LY (4.13)
p
Define
=€) — s (4.14)
In the first case, the limits on the cosine are
. 2e" —p
¢f" = max (— 1, évk{ )
(4.15)

u

2eml _ p
c"=min|( 1, —2 ,
( 20k, >
while in the second case, these are interchanged.

In the last case, we have a limit that demarcates the choice
between k7 ,and k,_|,

1
cn==/1—p4u%_, (4.16)
v
and a pair for the outer boundaries,
: 2e" —p
¢t =min (1, 20k >
(4.17)

— - 1) zemr_p
C oy = MIN <Tk{>

To generate the angle, one thus should set

2et" —
c,"’:max(—l, —ﬂ——p> \

2vk|

o ey’ —p
C“‘mm<1’ 20, ) > p>2u,_ or
cosB,_,=(c"—c") xs_s+c” [ e Zefa.
kn—lzk:—l
Jmo (cw—c k2,

"1 k,_,—ve,_,cosf,_,)

: 2T —
c¢'=min{ 1, — ,’0, )
vk,
2eml_
cﬁ":max(—l, 12k’p
UKy
N / > e < (4.18)
cos B, = (cy—c") X3, _s+¢]
kn_1=k,
2
JmH — (c:’:_clm)knfl
n=l k,_i—ve,_ ,cosb,
A — psign(@x3,-5—1)
Cy=cop

Cos Bn—l = I(éu - cin)(2x3n—5 - 1)] + Cin
kn—l —“—k;iingth_s_l)

(Cu—cim) k7,

|knf1 —ve, 4 COs Hn—ll

, otherwise,

Jm =2x%

where ¢;, and ¢, are given in Egs. (4.16) and (4.17). (Once
again, we have absorbed some of the factors from the
measure into the jacobian.) These expressions for the
jacobian J7 | are unstable numerically if the denominator
becomes small while &k,,_, and ve, _, cos 8, _, are not. This
happens in practice occasionally when computing in single
precision, either when u, _ , is small and v is near 1, or in the
last of the three cases considered above. In the latter case,
one may replace the second expression for J7 in
Eq. (4.18) with

D, =20, 1 /12%3,_s— 1|(c;, +cos 6,_,)

4./¢,—cinkZ_(1—v?cos?0,_,)
( x(k, ,+ve, ycos8, ) )
D, |2vpcos@,_,+sign(2x;,_s—1)
( X éu_cinDn—l(l+U200529n—1)|>
(4.19)

Jr =2x%

while in the former case, it is best to pick some small ¢ and
an arbitrary v, <1, and for u,_, <e, v>uv,,,, replace
both Eqgs. (4.10) and (4.18) with

em/eml
k"* 1= e™ — (em‘/‘l_lemr) X
1 3n—35
v " (4.20)
mo (e —el) kn_y
n—1— m

vley —(er —e™) X3u_s)

(These expressions are exact in the limit that ¢ — 0.)
The energy fraction and cosine of the last particle are

e,=1—e

n—1

v—k,_,cosf,_, (421)

k

cos B, =

n
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FIG. 1. The fractions of phase space surviving the cuts described in the
text, as a function of the number of outgoing particles. The upper set of
points corresponds to the first set of cuts (Etp, =0.02 \/E), while the
lower set corresponds to the second set (Epp, = 0.05 (/).
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Equations (3.50))(3.62), dealing with the azimuthal angle
of the final pair, carry over to the present case without
change. The final difference from the massless case comes in
the formula for the weight, where Eq. (3.63) is replaced by
a similar form,

B 77:(21'[)2_ 2n

W= Jm g

2 n—1Y n—1

n—2
[T el JETI2. (422)

i=1

5. NUMERICAL EXAMPLES

As an example, I consider the integration of the function

S2

(@1)(12)(23)--- (n— Ln)(nb)

A(pas po— {Pitio) = (5.1)

over n-particle phase space, where (ij)=2p,-p;; s= (ab);
and P, = p,+ p,=(/s, 0). This function has the essential
features of massless-particle amplitudes and soft and
collinear singularities. Indeed, it is one of the terms in the
non-vanishing Parke-Taylor helicity amplitude for multi-
gluon scattering [ 7].
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n

FIG. 2. The hit rates for the integral of Eq. (5.1). The hit rates for Rambo are plotted with the diamond symbol, those for Octopus with a cross:

(2) Erain =002 \/5; (b) Erpin =005 /5.
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FIG. 3. The ordinary efficiencies for the integral of Eq. (5.1). The efficiencies for Rambo are plotted with the diamond symbol, those for Octopus
with a cross: (2) Ergin = 0.02 /5; (b) Erppin = 0.05 /5. '
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FIG. 4. The practical efficiencies for the integral of Eq. (5.1). The efficiencies for Rambo are plotted with the diamond symbol, those for Octopus
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I use two sample cuts:

() Ermin=002 /s, ARy = 0.8, fmae = 3.5.
(b)  Exmin =005 /5, ARpin = 0.8, flna = 3.5.

In each calculation, Vegas was used to feed each of the
phase space generators, Rambo and Octopus. Vegas was
given five iterations (with a minimum of 2000 accepted
events each) to refine its bins and adapt (as best it could) to
the integrand. The Vegas grid was then frozen, and the run
continued with sets of 10 iterations, increasing the number
of points per iteration for each new set. These sets yield
an estimate of the asymptotic efficiency of each of the
generators in the particular calculation. In practice, I have
simply chosen the error estimates corresponding to the
iterations with the largest number of points. (One also must
ensure that one has reached a regime where the estimates of
the integral do not fluctuate too wildly, else Vegas’s error
estimates will usually be much too small.) The fractions of
phase space surviving the two cuts are shown in Fig. 1; the
scaling of the hit rate with the number of final state particles

e fwo o ie ¢hown in Fio 2 ling of the
L for_the fwa ity g ”

trivially satisfied if Cpr< —1, so we may assume that
Cre[—1, 1]. Rewrite

cos 0, = cos 0, cos 0, + sin 6, sin O, cos(¢, — ¢p)
=cos 0, cos 0,
+/(1—cos? 0,)(1 —cos? 0,)
X cos(¢; — hp) (12)

so that the constraint becomes

Cr—cos 0,cos 8,
V(1 —=cos?8,)(1—cos’ 8p)

cos(d; — dp) = (L3)

In order to allow a solution to this constraint, the right-
hand side must be less than or equal to 1:

o

-t

cal efficiency is in Fig. 4, for a calculation done on the
Fermilab ACPMAPS system. (The fluctuations in Vegas’s

Aarrnatr actitrmrata Framm 1 domonmdamt  forateneme are Fho ot ~ 8

If we square both sides, we obtain
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Let us consider the first case in more detail. We can sub-
divide this into three sub-cases,

Cr >1: cosf,e[—1,1]
cos 0,
Cr e[C~,C*]: cosfe[—1,C*] (19)
cos 0p
Cr <—1: cosB,e[C~,C™].
cos 8p

The function x/,/1— x? is monotonically increasing for
xe(—1, 1); thus,

CR - CR
cos p /1—C?
B cos@P2 - CRH 1,

/1— cos

1 —cos” 0p P (L10)
Cr i Cx
cos fp /1—C?

cos fp Cr

< = >1,
J1—cos?@, cosOp

so the “missing” sub-cases in Eq. (1.9) are in fact forbidden.
There is, of course, a similar sub-division in the case
cos 0p20.

In summary, the constraints on 6, are

-1, Cr >—1
cos 8, e cos p ,
C-, otherwise
1, Cr >1
cos 0p , (cosB,<0)
CcH, otherwise
(1.11)
- 15 CR g - 1
cos 0, e cos 0p ,
C, otherwise
Cr
1
’ cos 0P< , (cos0p=0).
cH, otherwise

Upon shifting cos 6, to the other side of inequalities and
observing that, at the points where the two sides in the

inequalities are equal, the two branches are also equal, then
we can write them more simply as

—1
0, ’
cos ,E|:{C_’

Cr< —cos HP}

otherwise
1, Cr<cos b,
L.12
{C *, otherwise }] (L12)

while the constraint on ¢; (given the above constraints on
cos 6;) may be written

Cr—cos f;cos 6p
(1 —cos?8,)(1 —cos? 0,)

60— bl <acos( ) aw

where the range of acos is understood to be [0, z] and
where 1 adopt the convention that acos(x>1)=0,
acos(x< —1)=m.

APPENDIX II: TRANSVERSE
ENERGY CONSTRAINTS
We wish to discover what constraints on the energy

are imposed by the requirement that the intersection of
Eq. (3.10) and Eq. (3.15) be nontrivial, that is, by the pair of

constraints
e .
1 _ T min >c~
€;

- /1—<e—Tmi") <ct.
€

In the case that L,, < — 1, the constraints are trivial, so we
need consider only L,, e [ —1, 1], which implies that

(IL1)

v?—1

—ve;<e;+ <ve; (11.2)

or

l—v 1+v
eie[ B :| (IL.3)
Of course, we must have et < (1 +v)/2, else there is no
range of allowed energies anyway.

I restrict attention to the case cos 0, < 0; the analysis for
the other case is similar. If L;,/cos §p > — 1, then the first
constraint in Eq.(IL.l) is trivially satisfied; whereas
L, /cos 0, < —1 implies that L,, > —cos 8, which in turn
implies that L,, <0. Since in this case, ¢~ = L,, the first
constraint is again trivially satisfied.
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The second constraint in Eq. (IL.1) is satisfied trivially
if L,pj/cosfp=1, so consider the remaining case
Lipfcos B8, <1, or

1—9?
e;>

;> — 114
T 2(1—wvcos bp) (IL4)

If L% >0, the constraint is again satisfied trivially. A non-
trivial constraint will arise if L% <0, or

2e;,—1+1?
2v

+5sin 0p /eZ = ((2¢,— 1 +17)/20)7 <0) (ILS)

cos 0,

Introducing £=(2e;—1)/v (note that £e[—1,1]), this
condition becomes

c0s Op(X+v) +sin Op /(1 —v* )1 — %) <0 (IL6)

or
x>—v and  cos? Bp(%+v)?
—sin? 0,p(1 —v?)(1 = %*)>0 (IL.7)
which tells us that
1-0° e
e;> 5 and Xe[X_,%.], (1L.8)
where
2 - 2 s
. cos®0pvF(1—v°)sinb,
YT T os? 0, + (1—0%)sin2 0,
1—-v?
= — 1.9
2(1 Fvsin §p) (119)
With e, = (%v + 1)/2, we see that
1—0?
e, = 5
(I1.10)
1—0?
€_ % 5
so this case is more simply e, >e, .
The second constraint of Eq. (II.1) becomes
~JGo+1) —det
< ¢os Op(£ +v)+sin Op /(1 —v*)(1 — £2), (IL11)

where the assumption e, > er,,;, is implicit. Since both sides
of the inequality are negative, it becomes
(Rv+1)2—4e2 .

> cos? Op(£ + v)? +sin? 0,1 — v?)(1 — £2)
(1—vH)(1—%2). (IL12)

In principle, the inequality can be solved exactly, but this
involves the disgusting solutions to a quartic equation. We
may, however, observe that

+2¢os Op sin Op(£ +v) /(1 —0v?)(1 —%?)
= —2 |cos Op| sin Op(%+v) /(1 —v?)(1 — £?)
> —2 |cos 0, sin 0,(%+v) /(1 —v?)

and this gives a weaker (but simpler) constraint,

+2cos 0p sin 0,(X +v)

(IL13)

(Rv+1)>—4e2 ..

> c0s? Op(% +v)? +sin? (1 —v?)(1 — £2)

+2 cos p sin 0,(% +v) /(1 —v?). (IL.14)
The inequality has the solution
X¢l[2_,2.1, a>0
i (I1.15)
xel2,,2_1, a<0,
where
;= Bsin 0, + \/4ae? . +cos? 0,(1 —v?) {2 (IL16)
= o
and where o and f are given in Equation (3.18),
a=sin?0p — (1 —v?) cos? 6,
B=+/1—v*cos® 0p—vsin Op.
If we define
yi =éi IETmin=0
=Bsin9,,icos9,,,/1—v2
o
=_vsin0[,—,/1—vzcos(9p (IL17)

sin 8, F /1 —v*cos 0,

then the sign of the denominator of §_ is the same as the
sign of a.

If >0, then the discriminant J inside the square root
in Equation (IL16) is positive, and furthermore, 7_ <
J_< —1, so X cannot be less than Z, and the constraint
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in Equation (IL15) reduces to £>7,. If a <0 (which in
practice happens less frequently), then if the discriminant is
negative, the constraint cannot be solved, and we are left
with the restriction that e;<e,. If the discriminant is
positive, we may note that Z_ >y >1, so that the upper
limit on £ remains 1 (from the original kinematic limit),
while the lower limit becomes £ =7 .
Putting all the constraints together, we obtain (6 > 0)

and

e;é[e,, (vF, +1)/2]. (IL18)

€;> €Tmin
In practice, the region between er,;, and e , does not exist,

and it is sufficient to consider these additional constraints
only in the case that er;, = e, and 6 >0.

APPENDIX HI: TOTAL LONGITUDINAL
MOMENTUM CONSTRAINTS

In the massless case, we want

max Z |PjL| Z|Pp—paul

(ITL.1)
j=i+1
The left-hand side can be re-expressed as
Y JVEI—E%,; (I11.2)

Jj=i+1

which is maximized when E; = Ey;, for all the remaining
particles. Furthermore,

\/E]2 —E'zl"min + \/EIZ_E'zl'min
> J(Ej+E — Expin)* — E2

T min

(IIL3)

so the sum of absolute longitudinal momenta is maximized
when the remaining energy is distributed equally amongst
the momenta; this maximum is

VP —E) —(n—i)’ E;

Tmin*

(I11.4)

In the case where different particles have different minimum
transverse energies, the sum is maximized when the energy
of each particle is proportional to its minimum transverse
energy:

E ETminl

| oc ——Lminl (1IL5)
Zj ETminj .

The maximum in this case has the value

\/(PO—E»2—< 5 ETmm,->2. (I1L6)
J=i+1

With

1 n
ST=F<' Z ETminj)a
J

=i+l
we thus have the constraint

| |P|cos8,—E;cosb,|

<V (PP—E)?— (P%)? 52 (I11.7)
The left-hand side has its minimum when
cos ;= sign(cos 6p)
xmin(|cos | IPI/Es, /T €opm/el);  (IIL8)

in order to allow a solution at all, the value there must be
less than the right-hand side. If e,>./e2 . +v?cos? 0,
the minimum of the left-hand side is zero, and there is no
constraint; otherwise we must have

|U |COS BPI — €/ 1 _e%min/eizl

<J(1—e)*—s3; (11L.9)
squaring both sides we obtain
—2v|cos Op| Sl — €3 i
Leqpn+1—v?cos? 8, —s2—2e, (IIL10)
which means that
e;<w/2 or e.cle_,e,], (ITI.11)
where
o=1—vcos’0p—si+eZ .
2 2 2 0
¥ = 1 _eTmm(1 02 COS P) (IIIIZ)
%)
)
_ ———— 1 + 0 .
ei Z(I_UZCOSZHP)( -——U|COS P‘ﬁ)
Combining the two, we obtain
e;<e,, x>0
" (ITL.13)
e; <w/2, £ <0

so long as either ¥y <0, e_ < w/2, or e_ <e,;,, which is
always true in practice.
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Equation (IIL.7) then yields the following constraint on

cos 6;;
—_ —_p. 2_ 2
cos 6,e [v cos Bp— /(1 —e;)" —s%

€;

>

veos Op+./(1—e)* —s3

€;

}. (IIL.14)

In the massive case, we replace the constraint (1II.1) with
the slightly weaker constraint

max Y |E |=|P.+pyl. (TI1.15)

j=i+1

The right-hand side of the inequality (II1.7) is then
unchanged. In the left-hand side, e, should be replaced by
k;; but in the case that e, < ./eZ .. +v* cos? 0, leaving the
e; in place gives a weaker (but safe) constraint.

APPENDIX IV: CONSTRAINTS ON THE
ANGLES OF PENULTIMATE AND
ULTIMATE MOMENTA

We wish to simplify the set of inequalities

atanh cos 0% | <n,-—ARmin/\/_?: (IV.1a)
atanh cos 0% | >n,+ ARyn/</2  (IV.1b)
0L — ;> ARpin/N/2 (IV.1c)

L — i< —ARpin//2, (IV.1d)

where

Lo
cos @, ,=cosB,_,cos0,
+sinf,_;sinfpsing,_,
sin L sin gL =cos B, _, sin Op sin ¢p
+sinf, ,cos¢,_,cosfp
—sinf,_,sing,_, cosfpsin ¢,
- L E _ .
sin 84_ cos ¢, ,=cosf,_,sinfpcos ¢p
—sin@,_,cos¢d, ,sinfp

—sinf,_,sin g, ,cosfp,cos dp.
(Iv.2)

Recall that we are keeping track of two separate regions for
¢,_1,one where cos ¢, _, =0, the other where the cosine is
negative. Let us restrict attention for a while to the first
region. Inequalities (IV.1a), (IV.1b) are the easiest; taking
the hyperbolic tangent of both sides and using the previous
equation, we obtain

1
sinf,sinf,

o o8 0;— tin
1 — ¢t cOS 0,

sing, _, <

—cos 0, cos 9,,41)

1
n—1,i

1
sin 0, sin 8

n—1

N
(IV.3)
sin g, _, >

€08 0+ t min
—~——————cos O, cos0,_,
141, cos 0,

2

n—1,i1

where ¢, =tanh(4R;, /\/5). With the range of asin
understood to be [ — /2, ©/2], and

=S

Ayt =asins,

L1 Lou
|s1 <1 An—1,i—7T_An71,i

n—1,il =+ yl _“t )
n—1,i — ruc s
N L= true”
1
Sp_y,>10 N, ="false”

1 & ”
<1 &y =“false”,
n—1,i : 'A/'l “« )

n_1,;= true

Ai’—l—l,izaSinsrzz~li
2,u . 2,7
2 A8 =n—AL0
| <1 ’
Sn—l,il\ 2 “ 2
= true”,
N D= “true”
2 & »
R &, 1= “false”,
n—1,¢ M ./Vz = %4 D)
n_1i= true

2 . 2 <« 33
s <-1 A _, ,="alse”,

n—1,i

(IV.4)

these first inequalities become (in the non-trivial case with
a solution)

¢n-1 € ([A:,’l_ 10 A,ﬁﬂ 17,-] ) [Ai’l_ 1 A

n—1,i

1) mod 27.
(IV.5)
(It may be desirable to replace the asin function in this equa-
tion with a computationally cheaper approximation; this
will require a shifting of the bins in Section 3, to account for
the maximal possible error.)
The remaining two inequalities in Eq. (IV.1) we may
replace, by the following trio,
v (Bt AR /\/2)) >0
Sin(@r_, — ($1— ARmin/</2)) <O
cos(d _ i —$)<0,

sin (

(IV.6)

where the allowed region will consist of those ¢,_, which
satisfy any one of the constraints.
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Introduce sy > S ="false”, N _  ="true”
C+A=COS(¢i‘¢P+ARmin/ﬁ)’ sy 1 <—L N o_ = "false”;
¢4 =008(#i— $p — ARnin/\/2),
Cg = COS i y .
0 ' (¢ ¢P) (IV.7) Is:_ 1,i| <1
Sya= Sln(¢i - ¢P + ARmm/\/E) A:,L L= m— asin[sir l,i] \
s a=5in(h; = fp = ARin//2) asin [c_ ]
=sin(d, — n_
o= Sin(g;— gp). p —anrs b s ac0s0,20
Expanding the trigonometric functions, and using Equation w21 = asinls,
. . -y R c7
(IV.2), we can rewrite these inequalities as — asin [__i]
—s,4c080,_,sinfp+sinf,_, Hoad )
' 41 4 \
x(cos Ops, 4sing, ;+c, ., co8¢, )>0 A v asin[sy .
. e
—s5_4co0s0,_,sinf,+sinb,_, +asin [n A:|
. (IV.8) —4 > s_4c080,<0
x(coslps_,sing,_,+c_4cosd, ;)<0 A%* =n+asin[si_ 1 77 P
cocos b, ,sinf,—sinb,_, + asin l:_c;d_:l
_ n
x (cos Bpcysin @, _ | — 5o cos @, _,) <O. 4l
P =true”,
Define n

./V4 ':“true”
_ 2 2 2 n—1,i
Rya= \/COS Opsiat iy

— 2 2 2
ny=./co08* 8pcy+ 55 ST N = false”

n—1,i~
s .
g = Sxa 0086y sinbp Sh<—l P =Cfalse”, AP =“truc’;
T sind, (IV.9)
5 _s_40080, ;sinfp and
n—1,i -
sinf,_,n_,
& 1'r_cgcos(?,,_lsm(?,, |53_1‘i'<1:
n-— i :
’ sinf,_;n .
notne A3 =asin[s3_ ] )
n—1,i n—1,i
and then -
[ s
s <l +asin | —
Sp—pil s bt | 14
T A3 =m—asin[s)_ 1’ ¢oc0s 0p >0
Ai"_l,l.=asin[s,31_“:| 3 n—1,i A n;jl,,'
- 7 . So
| Cta + asin
—asin | == n..
L7 4 L .
. §,40080p,>0 5,1 S
Ai’gl,izn_asm[szq,i] >, 4 = An—l,i:n+a51n[sn—l,i]\
I [~ —
c . So
—asin ’7—+A —asm | —
L
rad s LTy, cecos0p<0
. A%*, = —asin[s)_, /]
A =m+asin[s3_ ) | A= St
K asin So_]
. A4 — .
+asin | = mal )
Hval > 5, 4€080,<0 s
: & b2}
Ayt =—asin[s;_, ] (° " P &5 ="true”,
. Tewal N3 = true”
+ asin | = :
LPyal )
3 g s5_ > &5 ="false”, N _,,=“true”
yn—l,iz true”, ' n—1,i n—1,i n—1,i
N o1 ="“true” $S_<—1 N3 =“false” (IV.10)
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The inequalities of Eq. (IV.8) then have the solutions

5

U [4FL, 4221, cos¢=0

0, 1€ j=53 (IV.11)
U [n—4jt ,n—A421 ], cos¢<O.
=3

(This same form also allows us to include the inequalities
(Iv.1a), (IV.1b).)

The corresponding inequalities for sin ¢, will also yield
constraints on ¢, _,, since ¢, _; ==n + ¢,.. Define a set of sj,', ;
in a similar manner to the definitions of the s/_,, in
Eq. (IV.3) and (IV.9). There then are a variety of minus
signs and exchanges between lower and upper bounds that
make a difference, but otherwise, the definitions of the

A} & parallel those for A5 "}

ALi=asins),

1 Lu_ 1,1
|Sn,i| <1 An,i _n—An,i
1 __« 2 1 o« »
&L ,i="true”, N ="true
sy, >10 A ="false”
5 <—1 S = false,” N ,="“true”
- L (Iv.12)
A} =asins, ;
2 2,1 2,u
|5yl <1 Ay i=n— A}
2 __« ” 2« »
S i="true,” A =“true”
2 1 y2 __“fl 2 2 __« ”
§5 1> .= false,” A7 =%true
2 2 2,
s,,<—1 N, = “false”;

Ayi=mn+asin[s},;]
C[eval
—asin | =4
N4 >
L - s,,co80,=0
ALY = —asin[s?, P P
o Jerq
—asin | =4
L+ a])
A3 =asin[s3 . h
52,1 <1 mi=asinle, ]
. [eia
+asin [ £
Rya >
. §,4c080p<0
Ayi=mn—asin[s; ] {7 7 F
¢, ]
. 4
+asin | =4
x_n+A_J
&2 ="true,”
N3 =%“true”

s2.>1: &3 =“false)” A, =“true”

3 s 9,
N, = "Talse”;

A%t= —asin[s3,]
4]
—asin | —2
v 6p>0
S_ 4 COS
4u __ . 4 ’ —4 P=
Ay =n+asin[s, ;]
. [e_4]
— asin 4
L7 _41)
A* =n—asin[s*.]
4 , >
|Sn,l|<1 ni —cnl_‘ (IV.13)
- —4
+asin | —=
n_A >
. - - s_4c080p,<0
Abr=asins] [0 SO
. _C_A—
+asin | —
[ 7_41)
S ="true,”
Ah = “true”
4 4 _ <« 39
$,:>1 N, =“Talse
4 1 y4 _“fl L] '/V‘4 .. LI
5, <= a. = false, = true”;
Ali=mn+asin[s],] )
[ So
+ asin
Rya >
L cocos 0,20
Ayt = —asin[s), ’ F
T So ]
+asin | —
YRy
5.1 __ : 5
s A, ;=asin[s; ] )
|sni|<1 [ T
5 i SO
—asin | —
1] > cocos 0, <0
. 0
Ayi=mn—asin[s),] [’ ?
. [ o |
—asin | =%
Ln+A_J
&5 = “true,”
N = “true”
sy > 1 &, =" false,” N ,="true”
5 . 5 <« »
s,<—1L N .= “false.

ACKNOWLEDGMENTS

I thank Paul MacKenzie for many discussions on Monte Carlo integra-
tion and on practical aspects of working with Vegas and the Fermilab
lattice group for time on the ACPMAPS machine.



38 DAVID A. KOSOWER

REFERENCES 5. C.J. Maxwell, Phys. Lett. B192, 190 (1987); M. Mangano and S. Parke,
in Seventh Topical Workshop on Proton-Antiproton Collider Physics
1. G. P. LePage, J. Comput. Phys. 27, 192 (1978). (World Scientific, Singapore, 1989); C. J. Maxwell, Nucl. Phys. B
2. E. Byckling and K. Kajantie, Particle Kinematics (Wiley, New York, 1973). 316, 321 (1989); M. Mangano and S. Parke, Phys. Rev. D 39, 758
3. F. James, Rep. Progr. Phys. 43, 1145 (1980). (1989).
4. R. Kleiss, W. I. Stirling, and S. D. Ellis, Comput. Phys. Commun. 40,359 6. D. A. Kosower, work in progress.

(1986). 7. S. Parke and T. R. Taylor, Phys. Rev. Lett. 56, 2459 (1986).



